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Abstract—There are many new, enhanced, flexible and roprusbability distributions have been produced frdme t
current basic distributions to empower their aglens in assorted fields. This paper proposeshandatistribution called
Modified Weibull-Dagum (MWD) distribution. The proped model is based on the New Weibull-G familyh{iT&H

[31]) and its extension of the three parameter Daglistribution. Various structural properties arrided including
explicit expressions for the quantile function, neorts. The paper proposes the method of maximurtihidad estimation

is used for estimating the parameters of tmodel.

Finally, The applicability of the nemodel illustrated with

two real data sets and its goodness-of-fit contpaui¢h that of the different generalization of Rardistribution by using

AIC, AICC BIC, K-Sgoodness-of-fit measures athee
better over other generalizations of Parettitligtion.

results shows the performance of

the nedistribution

Keywords — Weibull distribution, Dagum distribution, Weibulldgum distribution, Pareto distribution, Reliability

Maximum likelihood estimation

1. INTRODUCTION

modeling personal income data. Its application
tohuman personal income and capital appeared itaCos
[26], Ivana [23], Perez and Alaiz [12], Lukasiewietk al

The precision and trustworthiness of results of any[34], Matejka and Duspivova [28], Kleiber and K¢13],

statistical modelling depend intensely on the denisf

model utilized. Right data with wrong model reglarield

ambiguous and misleading estimates and forecasishwh
leads to incorrect and entangled
conclusions. This paper presents a new model célfled
Modified Weibull-Dagum (MWD) distribution. This
distribution is an important generalization of tBagum

distribution whose beauty stems from handiness in

modeling variables which means, in real world
circumstances the distribution have a better fittapacity

in comparison with some other well-known generalize
Pareto distributions. Different generalizations Béreto
distribution are studied and helpful for modelingda
predicting in a wide assortment of financial seftinthere
is a positive preferred standpoint in focusing désion on
one explicit field of application:  the size
distribution of income. Wide assortments of
socioeconomic variables have distributions thatheavy-
tailed furthermore, sensibly very much fitted byrdta
distributions. So MWD distribution can be usedntodel
the standardized price returns on individual stpskees of
sand particles and large casualty losses for celites of
business, the sizes of human settlement, the vafiesl
reserves in oil fields, hard disk drive error rags.

Dagum[10] introduced Dagum distribution an alteireto
the Pareto and log-normal distribution has beelizeti to
examine income and wage distribution as well asltivea
distribution and its features widely examined for

interpretationsd an

Kleiber [11], Shehzad and Asghar [32] and Pant and

Headrick [29] studied about properties and paramete
estimation of the Dagum distribution.

A random variableX has the Dagum distribution with
parameters,b andp, if its pdf and cdf is of the form
fG) =abpx~P 11+bx_,ra-1 x>0,ab, p>0 ¢))

F)=1+6x"?T" x>0,ab,p>0 Q)

Further
modeling
lifetime data and different generalizations of the
distribution have been proposed in literature Bameple:
Log-Dagum distribution [16], Beta Dagum distributio
[15], Mc-Dagum distribution [8], Exponentiated
Kumaraswamy-Dagum distribution [21], Gamma-Dagum
distribution [5], weighted Dagum distribution [7],
extended Dagum distribution [2], transmuted Dagum
distribution [22], Dagum-Poisson distribution [6]A
power log-Dagum distribution: estimation and
applications [20] and Odd Log-Logistic Dagum
Distribution: Properties and Applications [18].

Dagum distribution have the flexibility of

The rest of this paper contains the following sewi
Section 2 is the introduction of the modified Wdibu
Dagum distribution (MWD) Section 3 is the mathercaiti
Properties; Section 4 is the application of the new
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distribution and Section 5 is the conclusion. Now, considering the following formula from Tahir &
[31] which holds foii >1,
oo =S R e
2. MODIFIED WEIBULL DAGUM DISTRIBUTION logGx ;

viil pixGx
This paper is interested in extending the Dagum
distribution using the new Weibull-G family of

distribution proposed by Tahir et al [31]. The puifd cdf Where (forj 20)’pj70: 1&for(k=1.23.)

of the family of distributions given are respectjve k (=)™ [m(j +1)- 4]
fix) = af { 1ol GV }-1,-0 -log[G(x)] 3) Pir= k_ly—l’ j.k—m
Glx) J. -~ (m+1) J:
F(o) = -ar{ -loglG(x) } ) ThereforeF (x) becomes
' e B kO Nk do[ e _a) (8
wherex > 0,a, > 0 are two positive shape parameters and G-DB-7)' & ;|
9(x) andG(x) are the cdf and pdf of any continuous 7 A “ "y
distribution. Here we used Dagum distribution amd e eaie *"=°,. . : o
modified Weibull Dagum distribution as given below: [B+EVpxl+bx-pFal ©)
ey
NP By Similar Substitution f(x) becomes:
F), S sus .
apaop, Lhy= 2 . \ /) aBabp ® © ¢ Nk L
PaoPytogll+dx ) e 70) = m'—lZl Ll (' .
A 1nemp) kim0 111 -1-] (10
) = . . [k_(,--l)ﬁ-l'uk\/z'-lﬂ—l—k‘
p+1 -
i i (g Pt
x>0, «,8abp>0 (3) K J \ 1 :
| \ 5
-a\alog| 1+dx py 3. MATHEMATICAL PROPERTIES
F(x)=e - /) (6)

This section gives some important statistical and
mathematical properties of the MWD distribution lsuas

hazard function, moments and moment generating
® D) Gii) function, quantile function, order Statistics, dimfition of
minimum, maximum, joint distribution af" andj™ order
Statistics, Parameter estimation.

a0 a1 02 0 04

s A. Hazard rate function

MM s oree The investigation of hazard functions emerges nbyma

) ’ in lifetime data analysis, a key point of enthusias
() D) reliability and biomedical investigations. The falling
1 figure shows that the proposed distribution coudteh
| increasing, decreasing, and unimodal hazard rate
. functions A Lifetime distribution with unimodal ham
shape can be utilized to model circumstances like
T survivability after medical surgery, where the riglpidly
. . increases because of the chances of complicatiuts
(1)3-067.5-135.p-31.a-18.5-11 as infection and after that decreases as the patien
(i) 03 recovers. The hazard rate function is given by

»
HE |

. 8-1 —a{alogo’}ﬁ
W(x) = 2P abp{alogs} e an
pP=i ALICHTH
x Oll-e

|

Figure 1 Where § =1+ bx~ 7

A) Alternative representation of pdf and cdf

Using Power series expansion
-alalogl+bx~ P! F3 i

F(x)=e _ =

-logh+bx~ !
s iBuiy

24

=0 U
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i) (i)
g 3 -
o 4
E g g ]
=] o
4 .
Bl = e
e e e
(iii) (iv)
5 2’
E a4
g 5] gz
s a
87 R
& Y —
e e
(i) 2-18,5-57,p=02,6-325-03
(i) 2 =2.4,5=7.04,p=1.5,0 = 2.8, 1.4
Gii)a =13, =504,p =0.6,0 =4.4,p=8.4
(iv) 2-1.6,0-0.1,p=2.44 a=1,5-0.8

Figure 2

B) Moments and generating function

Moments are the important characteristics of aitistion.
This section defines various moments for MWD
distribution.

Let X ~ MWD (a, 8,
r"moment is given by

ab, p), for r =1,2,3,..The

—al-1
B | Txflopde |77 === ~"0+ox7? T
L) ) 0 =t
0 3:> 5 ( Visigkd Uk (i01)p=1V k V(is 1)p-1+k
- -3 1 ~

k i 1 ik
i=0 k.10 j=0

E'X"=¢aﬂab’f"3[1—r/,a|'1+m+r |
v/ A

Where B .,. is the Beta type 2 function defined by
X0
m -
B(m,n)= f-‘f (1+-Y) i n)dx m,n > 0|
0

In particular, the mean of MWD distribution is givey,
E(X):gaaﬂapr"rfl—1/4,a(1+p)+}4%"] .

%) 2
E\X*l=9aBab™?B, =,/ .a(l+p}+ )
-7 /) (14)

The moment generating function is given by

[,H -

_51 2, s L |
IL I
My ()= oaﬂaS‘b/B

()

=Ee

()

.MXT

L)

> —EX
=

a( l+n)+

% )

The characteristic function is

Y
[ e 2%+

Lre  pmzywwdia pTaaswmia =0 L;LL.'L.I. w
(k) 2L,
2k +1
k=0 e (241))
= =17
N no + -+
vagay., ()% Blipa 2p &~ (2+1) (16)

k-0

5 P 5 B(1-(2k+1 ")pAa4."+ (2k+1)p)
C) Quantile function

The quantile function can obtain by inverting the
cumulative distribution of the random variablec#in be
used to generate random samples from the proposed
distribution.
The ¢” quantile of the Xq=F4l(q)=Q(q) MWD
distribution is given by

-1

'd 1 N —
=logu ?
le' of I/_“
5

—_— !
| |

an

Xq
The first quartile, median and the third quartilencbe
found by applying (17)Specifically, for p=0.5we
have the median of the MWD distribution as
follows.

1

-1l (18)

_le e

0.5 4 b F

| |
L J

The Bowley skewness and Moors kurtosis (based on
octiles) can be calculated using the following
formulae.
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A|/3\.n|/1\ .,,-\lfl\
1T 1| | |
cv \4/ \ 4/ \ Z )
[ 5 [ 1)
QI 1-QIT
\L4) \4)
| L i“ll | i‘ | L1711
1QI,1-Q [+ " |-Q
KR=" \8/]JL\8) \8/]
T A0 Al 211

D) Order Statistics

Let X ,, X X , be random sample from MWD
distribution with parameters o, B,ab, p . Let X, ,
X)Xy be the order statistics from the sample The
f(x) and F(x) of the 1™ order statistic say Y =X rn is
given by

2 9ceey

Jy (})_H-A—;—q-n—-»—o—Fr—l(})[l -FO)I"7£()

\
nrl . . ‘

17 r Wiy
=y 2
m= 0 s = D * K
aBab i (1 \mti+j+k+] l”_r'
15)= g L2 2
\P‘Ill +by Pl - m=01—0k1—0 _0(( ) ) m
[k=Ui+1)B+1\[ K\ (li+1)B—1+k)
NI pUp AT s FILE V122
L :
Bl jes v ol [ /N R

=i

F(y)=>) . FG-F)] =2ZZ;0; -1 F v
jutr 7 jeri=0 \ J\
I L
Fo)=-3 2.0 " | n) ( )"-”N AP (20)
e =0 WU |
E. Distribution of minimumand maximum
Let, X1,X 2, ..., Xnbe independently and iteally

distributed random variables from MWD distribution
with parametersa, f,ab, p then the first andn order
probability density function are given by

g1n (x) =n[1-F(v.0)]"f (v.0)

For any real numbdy >0 and for-1<z <1, consider
the generalized binomial expansion

(1-z* =3 (1)rs
=0/T® =)
(=1)p=

NLapabp ‘atltli+118-1)

g1 X = al+] =t =~ i(i+1)8-1-1)

p+l
-
x N+bx | =0 k. 1=0 j=0
(k- (i+ 1)+ 1VKV(i+ 1)B-1+K)
x I IPjk @n
) 1 J
n—1
g l'x‘l=n[F(x(.:~,:0'l] f(x(w_-,:g’f'
P .h‘: o ks k Nisiekal . .
——nxpagbp =10~ nay p
= >, 2 2
(+ A+ ioki=0 j=0 (G +1)B-1-7)
le(rl
(k=G+DB-1Yk)
L e @

\ J\Y )

F) Joint distribution of i™ and j™ order Satistics

The joint distribution of thé" andj™ order Statistics from

MWD dlstrlbutlon is glven by

—ia A At U & vAad ~
un 1 ] ! 7 i

[1 - Flx;) ']"' 7 £l x £ i)

B G e =i -
=C(a,8abp)2e \! P i_g 7| x
|| |
y b -(+)
! -CZQQ”_;‘ err | ‘/Y X \?
|1- J ) 2
. s 'l+br"[1+b\:‘”' @3
W e J )
/
Where, C= =

(-G -i-1)!(n-5)!
Q; =alogll+b5x™? |, Q; =alogll +bx™7|

i J
G) Parameter Estimation

In this section, we estimate the parameters of M\gDg
method of maximum likelihood estimation.
X,,X,, .., X,be arandom sample from MWD
distribution the vector of model parameters. Thea lbg
likelihood function can be written as

Let
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( n 18 The approximate Variance Covariance matrix is givgn
4 i -pi 4
log L nlog((): abp aﬁ') log 1bx; —pi { . ~ .
=1" ) WV v v vV V] -1
. n g \B-1 ae of ea o op; 411412 A3 Ay A5
/4 /4 /4 /4 /4 ‘A A A A A

—\P+1)? I0RX;+ 2 IOR—10RU+0X; < ) 7 o | pa PB o Po fo |_121 22 23 24 25|
- | a¢ af aa ab ap| | 31 .32 33 34 35 [

/4 14 /4 174 4 AR 3 G 4 “*35°°44 L2

| 6 58 2a &5 opl [ J
i=1 =1~ / |V2a V28 Vpa Vpo Ippj 51 52 53 54 55
i — .
-Dlogll1+bx™# 1| 5 i . .
1 i ) 8 log L 8 log L 3% log L 8 log L
=1 o e 2 " e P et M7 sam
o S | Ed o
- _ 22105 L 22105 L 22105 L 22108
e = Z alog 1 +b.\'1 A5 = = Ay - - A - :‘ A3 - =
i=1 da dp 3psa 38° 3f da
clog L n| _p P | .l
coRs_2 _ o aloghl +b5x7? | logialoghl +5x77 | 2 ) ) B
8 log L 8 log L d7log L 8 log L
4% - 1425 = 431 = 432 =
e B~ ¢ ¢ a8 8» 38 ep a3 3a 8f
. o)
=1 b )t : . : :
8 log L 8 lg L 8 log L 3 log L
433 = S 434 = 435 4341 =
4 2’ da 3 da dp 3 da
+ Ylog alogl+bx~? 2 B B B
i=1 - _—dlegl A o —OleglL o o —dleglL o o —OleglL
/5 2 - 43 05 26 44 R 45 —_—
— —_— — o o & 59 Lo
logl n+pf-1 7| { -2
Ag o EEE G Egaloglybxip' . . . .
ca a a j=1 8 log L 3 log L 8 log L 3 gL
b} ( 451 = 1452 = 1453 = 1454 =
_ noy —n 8-1 ap ot o of 3p da ap 3
ClogL n _, « alogl+bx; .
cb b i=1 pl -p 8 log L
x [1+dx. | 455 = ;
\ . »°
e -p, n .- ) . .
The appropriate100(:- y )% two sided confidence
7/ \ 7 _ N\ _— . i X
= 4px P ogl 1467 joqhenx P intervalfor a, B, a, b, p respectively given by
I A . |Oi
\ 1 ] \ i ] . ~ A 7 ~
\. / \. / 7 4
aiZ;, 2,/f'aa ﬂiZ/.,,‘z !Y‘ ;ﬂ aiZ’./-z ! qa
i alot o P - .
2logl n plogl+ bx ‘ (-logx ) b i’Z:’, 9 ’Vbb pt Z;,, 2 \/Vpp
&» . xPlebx7?)
s P tad L, S = P o 4. APPLICATION
. & SASI0RS) a b“,. Stk L In this section, we have fitted the modified Welbul
D x B-1b-Dlogx; -y, Dagum distribution to the two real data sets antmare
i1 1+0x “log 1+0x € =1 BlF0X T the performance with some generalized Pareto

distributions to show the applicability of the ngwil

Leta, 6, a, 6, pbe the estimates of the unknown parameg rs.proposed model.

Using numerical method such as Quasi- Newton dlyori A Data set: 1
we can optimize the log-likelihood function whictlillvgive H.ere we. compare MWD distribution with new
the maximum likelihood estimates of parameters.oAls generalized Pareto [25], exponentiated Pareto-I], [38
large sample approximation can be used to interfealthe Transmuted Pareto [17]' Pareto ArcTan [14] P,areto
parameters. Here we treat the vector of parameatebging ! '

; o o positive stable [24] distributions with respectthe data
approximately multivariate normal distribution. set consist of observation on breaking stress dbora
() l',\ ,'faa Vg Y Ve 7, fibers (in Gba) studied by Nicholas and Padget} 3t
- VA sy 7 T ,?;, recently analyzed by Jayakumar et.al [23] using New
‘ B kA generalized Pareto distribution. The Data setismby
= e (SETSESSSSNE S vV v vt vt o
1] sa 88 ba 55 bpl 3.70, 2.74, 2.73, 2.50, 3.60, 3.11, 3.27 , 2847, 3.11,

N g Vg Vo Vi) 4.42,2.41, 3.19, 3.22, 1.69, 3.28, 3.09, 1815,4.90,
L \p& B pa PO PP/ 3.75, 2.43, 2.95, 2.97, 3.39, 2.96, 2.53, 2583,3.22,
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3.39, 2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 2.85;,23556,
3.15, 2.35, 2.55, 2.59, 2.38, 2.81, 2.77, 2.173,2182,
1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 3.684 1189,
3.19, 1.57, 0.81, 5.56, 1.73, 1.59, 2.00, 1.222,11171,
2.17,1.17,5.08, 2.48, 1.18, 3.51, 2.17, 1.6%,14238,
1.84, 0.39, 3.68, 2.48, 0.85, 1.61, 2.79, 4.703,21080,
1.57, 1.08, 2.03, 1.61, 2.12, 1.89, 2.88, 2.8%5 23065

B. Dataset:2

This second illustration is based on the strengfhk.5 cm
glass fibers, measured at the National Physicabtatbry,
England [35]. Many authors are studied and fitteadeis
for the data set.
exponentiated Pareto-l [38] Transmuted Pareto
Transmuted exponentiated [1]
Classical Pareto. The Data set is given below

0.55,0.93, 1.25, 1.36, 1.49, 1.52, 1.58, 1654, 1.68,
1.73,1.81, 2 ,0.74, 1.04, 1.27, 1.39, 1.49, 1.539,11.61,
1.66,1.68, 1.76, 1.82, 2.01, 0.77,1.11, 1.28, 1142, 1.54,
1.6,1.62, 1.66, 1.69, 1.76, 1.84, 2.24, 0.81, 11129, 1.48,
15, 155,1.61, 1.62,1.66, 1.7, 1.77, 1.84, 01844, 1.3,
1.48,1.51, 1.55,1.61, 1.63, 1.67, 1.7, 1.78, 1.89

TABLE 1: Goodness-of-fit statistics for the BreadiStress
of Carbon Fiber

Model |Estimates -2 AIC [BIC JAICC [K-S

d =1.9118

$=1.1413
3=0.6755
b=135505p =
3.1106

o =1.8848
NGF  |3-0.0097
/=0.0016
6= 35.1440
EP o = 0.4481
k =1.4770
4 =0.7899
TP 1'=-0.9692

3 =0.3900
" =0.1283
PAT 1'=0.1128

|8 =0.1349

MWD 298.6 [308.6 (321.6 (310.0 [0.1023

340.9 [348.9 [359.4 [349.4 [0.1702

360.5 (364.5 | 369.7 | 364.7 0.2807

439.5 {4455 [|453.4 14458 [0.3219

478.6 [484.6 [492.4 484.8 [0.4225

TABLE 2: Goodness-of-fit statistics for the Streimgbf 1.5
cm Glass Fibers

Model Estimates _21 AIC BIC
o =5.5093
3=16.2116
MWD 3=7.85937 -46.26  [56.52 67.244
b =0.27943
b = 0.84456
Transmuted K =1.7333
EXPOt”e”“ated 54=1.4939 -46.22  |98.45 104.88
areto ) =-0.9423

ponentiatet K =1.7333 -60.21 124.53 124.43
Pareto| & =1.0451
rnsmuted Pare | = 0.5500
a=1.4589 -69.86 145.72 152.15
N =-0.9492
k =0.5500
Pareto 4=1.0216 -85.66 175.32 179.61

Here we comparing MWD with
P g [17] K- S test.

Pareto Distributions,

From the above results, It is observed that the ifiéatl

Weibull - Dagum distribution fits better than other
generalizations of Pareto distribution in terms of
goodness- of-fit measures such as AIC, BIC, AIC@ an

5. CONCLUSION

In this paper, we have been introduced a probwgbilit
density function with positive support called maetf

Weibull — Dagum distribution. The results show the
performance of this probability distribution mightork
better (in terms of model fitting) over other

generalizations of Pareto distribution. The propose
distribution could have increasing, decreasing, and
unimodal hazard rate functions. These highlightkema
the MWD distribution appropriate for modeling
distinctive failure rates that are more likely te b
encountered in real life application. In additianproad
investigation of its mathematical properties hasrbe
given, including moments, quantile Reliability fuions
and some Information theory measures. Further, ogeth
of maximum likelihood estimation is used to caltelthe
estimate of the unknown parameters of the distignut
Finally the new distribution has been applied i tweal
datasets it has been seen that the proposed dtgirib
provides a very good fit to the data sets.
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